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In this work we consider the influence of potential impurities deposited on top of two-dimensional
chiral superconductors. As discovered recently, magnetic impurity lattices on an s-wave supercon-
ductor may give rise to a rich topological phase diagram. We show that similar mechanism takes
place in chiral superconductors decorated by non-magnetic impurities, thus avoiding the delicate
issue of magnetic ordering of adatoms. We illustrate the method by presenting the theory of po-
tential impurity lattices embedded on chiral p-wave superconductors. While a prerequisite for the
topological state engineering is a chiral superconductor, the proposed procedure results in vistas of
nontrivial descendant phases with different Chern numbers.
PACS numbers: 73.63.Nm,74.50.+r,74.78.Na,74.78.Fk
Introduction– Engineering novel quantum phases of
matter with exotic properties is a rapidly growing trend
in contemporary physics. The main goal is to employ
simpler and well-understood ingredients and methods to
create more complex structures with desirable proper-
ties. Recent promising efforts to realize [1–3] topologi-
cal superconductivity in nanowire systems [4, 5] demon-
strate the power of the approach. While it seems un-
likely that Nature directly provides us with Majorana
quasiparticles that could be employed in quantum infor-
mation applications [6], it is increasingly probable that
those can be achieved in laboratory. In the spirit of engi-
neering novel controllable states of matter, we show how
to realize a complex hierarchy of topological phases with
potential impurity superstructures adsorbed on chiral
superconductors.
Magnetic atoms on s-wave superconductors give rise
to Yu-Shiba-Rusinov subgap states [7–10] which have
been probed experimentally by scanning tunneling mi-
croscopy (STM) [11–14]. Superstructures fabricated
from magnetic atoms are currently under active exper-
imental [15–17] and theoretical research [18–33]. In-
triguing properties of these systems include possibility
for various one dimensional (1D) topological supercon-
ducting phases with Majorana bound states and rich
2D topological phases [34–37]. Topologically nontrivial
phase is known to arise in 1D ferromagnetic arrays when
the underlying superconductor has a strong Rasha spin-
orbit coupling or in arrays with helical magnetic tex-
tures. In 1D structures there are theoretical arguments
why magnetic self-tuning could result in a nontrivial
ground state [20–22, 28, 32, 38], though in real systems
there are number of complications. In particular, in 2D
structures the nature and tuneability of magnetic tex-
tures is a delicate and largely unsolved question.
Very recently it was proposed that potential impuri-
ties could be utilized to realize interesting topological
states in 1D structures [39] and 2D toy models [40].
Figure 1. (a) Schematic representation of the studied sys-
tem, consisting of potential scatterers deposited on top of
a chiral superconductor. The topological phase on the im-
purity lattice can be be widely modified from that of the
underlying compound. (b) In two-band models the Chern
number can be illustrated through the motion of the dˆ(k)
vector on the unit sphere. A long-range hopping translates
to high Chern numbers through rapid rotation of dˆ(k).
The procedure requires a non-s-wave superconductor
host material with chiral or helical pairing components
but circumvents the need for specific magnetic textures
of adatoms. In the present work we provide a micro-
scopic theory of potential impurity structures on chiral
superconductors. We show that given a nontrivial chi-
ral superconductor, the potential impurities give rise to
a complex hierarchy of distinct nontrivial phases. The
Chern number of the phase can be structurally designed
by employing different impurities and varying the impu-
rity lattice constant. We illustrate the procedure with a
chiral p-wave superconductor. However, our results are
not restricted to chiral p-wave systems and also apply
to time-reversal breaking s + p-mixtures, higher chiral
superconductors and the artificial p-wave model realized
in sandwich structures of a 2D semiconductor proximity
coupled to an s-wave superconductor and a ferromag-
netic insulator.
Chiral p-wave systems– Here we formulate the theory
describing the system in Fig. 1 a). The bulk electrons
ar
X
iv
:1
60
4.
08
36
7v
1 
 [c
on
d-
ma
t.m
es
-h
all
]  
28
 A
pr
 20
16
2in a 2D spinless px + ipy superconductor are described
by a Bogoliubov-de Gennes (BdG) Hamiltonian
H(bulk)p = ξpτz + κ (pxτx − pyτy) ,
expressed in the Nambu basis (Ψˆp, Ψˆ
†
−p). Here the
single-particle energy is ξp = p
2
2m − εF with the Fermi
energy εF , and κ is the superconducting p-wave pair-
ing amplitude which is taken as real and positive. The
Pauli matrices τi operate in the particle-hole space. The
collection of adatoms act as local potentials described
by
H(imp)(r) = Uτz
∑
n
δ(r− rn),
where rn are the positions of the atoms and U is the
impurity strength. Our treatment is also valid if we con-
sider impurities of a finite size (see the supplementary
information (SM) [41] for details ). The total Hamilto-
nian consists of the sum H = H(bulk) +H(imp).
Each potential impurity atom binds a single phys-
ical subgap state [42], which in the BdG formalism
is represented by a pair of states at energies ε =
±γβ
2−
√
1+β2(1−γ2)
1+β2 ∆t for repulsive potential β > 0. For
attractive potential β < 0 the solutions are otherwise
the same with the exception of a minus sign in front of
the square root [41]. Here we have defined quantities
β = piνU , γ = κ˜√
1+κ˜2 , κ˜ =
κ
vF
and ∆t = κkF√1+κ˜2 , where
vF is the Fermi velocity and ν the density of states in
the bulk [43].
The parameter ∆t represents the p-wave bulk gap
determining the coherence length ξ−1 = ∆tvF and β is
a dimensionless impurity strength. Strong impurities
with β  1 give rise to deep-lying subgap states close
to the Fermi level while weak impurity states reside
near the gap edge. Analogous to the Shiba states in
a 2D systems [14], the potential impurity wave func-
tions have asymptotic form eikF r−r/ξE/
√
kF r away from
the impurity where the decay length is given by ξE =
ξ/
√
1− (E/∆t)2.
When impurity atoms are arranged into a regular ar-
ray with a lattice constant a < ξ, the impurity states
bound to a particular atom are hybridized with sev-
eral nearest neighbours. This leads to the formation
of subgap energy bands which support rich topological
properties. To study the topological properties of the
subgap bands, we formulate effective low-energy the-
ory valid in the deep-dilute impurity regime β  1,√
kFa  1 in the vicinity of the Fermi level. How-
ever, as we discussed below, the effective theory yields
an exact topological phase diagram which is valid also
outside the deep-dilute regime. As outlined in the sup-
plementary [41], a similar procedure that was applied in
the Shiba systems [23, 24, 29, 34] results in a descrip-
tion of the impurity lattice in terms of the tight-binding
Figure 2. (a): Chern number (above) and energy gap (be-
low) diagrams for a square lattice of impurities with lattice
constant a and coherence length ξ/a = 5. The quantity β−1
in the vertical axis controls the strengths of the impurity.
The β−1 = 0 line, corresponding to infinite impurity poten-
tial |U | = ∞, divides the repulsive and attractive impurity
regions. The horizontal axis kF a controls the hybridization
between the bound states centred at different impurity sites.
(b): Same as (a) but for coherence length ξ/a = 10.
Hamiltonian
Hmn =
(
hmn ∆mn
(∆mn)
† −h∗mn
)
. (1)
The effective Hamiltonian has an N × N BdG block
structure, where N is the number of impurity atoms.
The BdG blocks are given by
hmn =
{
ε0 m = n
A(rmn) m 6= n
∆mn =

0 m = n
B(rmn)
xmn + iymn
rmn
m 6= n,
(2)
where the onsite term ε0 = ∆t(γ − β−1) arises from
the decoupled impurity energy, rmn = |rm − rn| is the
distance between two impurity lattice sites and xmn =
xm − xn, ymn = ym − yn. The matrix elements depend
on the functions
A(r) = −2∆t
pi
Re
{
ηK0[−iηkF r]
}
,
B(r) = −i2∆t
pi
Re
{
ηK1[−iηkF r]
}
,
where Ki(x) stands for the modified Bessel function of
the second kind with index i and η = 1 + iκ˜. The block
matrices in Eq. (2) define a hopping model where the
amplitudes satisfy asymptotic behaviour ∆mn, hmn ∼
e−rmn/ξ√
rmn
at long distances. The model (1) with entries
(2) is a lattice discretized chiral superconductor with
rich topological properties discussed below.
3Topological properties– The topological phase dia-
gram of the effective model (2) is conveniently extracted
in momentum space. For any Bravais lattice we can de-
fine Fourier transforms
dx(k) = Re
∑
R
eik·R∆R, dy(k) = −Im
∑
R
eik·R∆R,
dz(k) =
∑
R
eik·RhR,
where the sum is over all the lattice vectors R =
(xmn, ymn). The Hamiltonian can then be written
in a simple form H(k) = d(k) · σ with energies
E(k) = ±|d(k)|. The effective Hamiltonian H(k) de-
scribes gapped two-band model satisfying the particle-
hole symmetry CH(k)∗C−1 = −H(−k), where C = σxK
and K denotes complex conjugation. The studied model
belongs to the Altland-Zirnbauer class D, admitting a
Z-valued classification by Chern numbers [44]. For two-
band models the Chern number is found by evaluating
the expression
C =
1
4pi
ˆ
BZ
d2k
d
|d|3 ·
(
∂d
∂k1
× ∂d
∂k2
)
, (3)
which yields integers. The integer value of the Chern
number can be visualized through construction depicted
in Fig. 1 (b). The Hamiltonian defines a unit vector
dˆ(k) = d(k)/|d(k)| which can be depicted as a point
on the surface of a unit sphere. Absolute value of the
Chern number measures how many times dˆ(k) covers
the sphere when k = (kx, ky) covers the Brillouin zone of
the impurity lattice. The long-range hopping gives rise
to rapidly rotating components of dˆ vector and thus may
lead to chiral states with Chern numbers much larger
than unity.
As pointed out in the SM [41], the effective description
(1), derived under assumptions of a deep and dilute im-
purity configuration β  1, √kFa 1, actually acts as
a topological Hamiltonian yielding the exact phase dia-
gram which is also valid outside the deep-dilute regime.
This happens because at the topological phase transi-
tion, accompanied by the energy gap closing, the effec-
tive model (1) becomes exact irrespectively of the values
of β and kFa.
In Fig. 2 we have plotted the topological phase dia-
gram and the energy gap diagram for square lattices.
It is clearly evident that the system possesses multi-
ple phases which can be tuned by the separation and
strength of the impurities. For higher values of the hy-
bridization parameter kFa the hopping is highly oscil-
latory, thus leading to more rapid alternation of Figs. 3
and 4. The generic features of the phase diagrams seem
to be be in line with the Chern mosaic behaviour dis-
covered in magnetic lattices [34, 35]. For robust states
the energy gaps are of the order of 0.1 − 0.2∆t. Prob-
ably larger gaps can be obtained, but studying those
Figure 3. The same quantities as in Fig. 2 but for larger
values of the hybridization parameter kF a.
Figure 4. The same quantities as in Fig. 2 but for larger
values of the hybridization parameter kF a.
would require more elaborate theory as the employed
approximations become unreliable. Potential impurity
superstructures clearly allow remarkable possibilities for
topological state engineering in the studied system with-
out uncertainty associated to the magnetic textures.
We have also diagonalized the system on an infinite
strip geometry, where the topological edge modes show
up as states traversing the bulk gap. These results are
discussed in more detail in the supplement.
Physical realizations– In the above we have considered
potential impurities in spinless chiral p-wave supercon-
ductors. Our theory can be straightforwardly general-
ized to the candidate state of Sr2RuO4 where the op-
posite spins pair to form Lz = 1 Cooper pairs. Since
potential impurities do not mix spin, the 4 × 4 model
with spin leads to two identical but decoupled 2 × 2
blocks of form Eq. (1). The Chern number can be eval-
uated for each block separately, leading to doubling of
the Chern number and the edge modes compared to the
spinless case.
However, there are various other candidates for the
4host materials. The requirements for topological state
engineering by potential impurities are rather general
and met in a variety of other systems as well. The basic
ingredient is that localized potentials must bind subgap
bound states in the host material. These bound states in
chiral superconductors are generic since Anderson’s the-
orem which guarantees the robustness of s-wave super-
conductors to potential disorder [10] is not operational
in time-reversal breaking systems. The second require-
ment is the phase winding structure ∆0einϕk , where
tanϕk = ky/kx, of the gap function of the unperturbed
bulk. This will translate to a type of (xij ± iyij)n/rij
phase structure of the gap function ∆ij in the effective
low-energy BdG Hamiltonian (2), indicating topolog-
ically nontrivial superconductivity. In addition, alge-
braically decaying hopping up to the coherence length
is also a universal feature of gapped states. Thus any
2D chiral (p-, d-, f ...-wave) superconductor satisfies the
general requirements and exhibit the characteristic fea-
tures of the studied chiral p-wave model. We note that
different crystal structures of the bulk give rise to dis-
tinct lattice regulations of chiral gap functions. Also,
for a continuum expression ∆(k) ∼ (kx + iky)n, cor-
responding to Chern number n, there exists many dif-
ferent lattice versions. However, in the case where the
impurity lattice constant is much larger than that of the
underlying superconductor, the continuum approxima-
tion should prove sufficient.
Dominantly p-wave superconductors with s-wave
pairing amplitude, having a gap structure ∆s + ∆peiϕk ,
is also a sufficient starting point for topological state
engineering when ∆p > ∆s. In this case potential-
impurity induced bound states exist [42] and phase
winding is inherited to the effective low-energy model.
Such s+p-wave structure is satisfied in the artificial chi-
ral superconductor realized in 2D Rashba-coupled semi-
conductors sandwiched by an s-wave superconductor
and a ferromagnetic insulator [45] at sufficiently strong
magnetization. Patterning the semiconductor layer with
potential impurities or otherwise realizing the potential
lattice by applying an external structured potential gate
would enable fabrication of nontrivial topological states
far beyond Chern number |C| = 1.
Chiral and time-reversal breaking superconductors
have also been predicted in various other low-
dimensional systems. While these have not been ob-
served in experiments so far, it is plausible that some
will be realized in the future. At that point a large
number of other chiral states will immediately become
accessible through topological state engineering by po-
tential superstructures.
Discussion– The bulk topology in a topologically non-
trivial state is reflected on its boundary properties. This
property could be employed in experimental identifica-
tion of nontrivial bulk states. The subgap density of
states in chiral superconductors arises due to the chiral
edge modes as illustrtaed in Fig. 1 (a). Probing the lo-
cal density of states by Scanning Tunneling Microscopy
(STM) reveals that the subgap modes are localized on
the boundary of the impurity lattice [34]. This method
can be employed to show that the impurity lattice is
in a different topological phase than the underlying chi-
ral superconductor. Experimental extraction of specific
value of the Chern number of a superconductor, while
in principle possible, is an unsolved issue at present.
However, by fabricating interfaces between lattices of,
say, different lattice constants it is possible to compare
whether the two adjacent structures belong to the same
topological phase. If the structures belong to different
phases, there must exist pronounced subgap local den-
sity of states at the boundary due to topological edge
modes.
The circulating Majorana edge modes, depicted in
Fig. 1 (a), carry heat in otherwise gapped systems and
could find applications in the future electronics as chi-
ral heat guides. These waveguides could be designed
on top of the superconductor by employing different
impurity lattice structures. The Chern number of lat-
tice yields the number of parallel thermal edge channels,
so high Chern number states are generally more effec-
tive thermal conductors compared to low Chern number
states. Also, Majorana bound states trapped in lattice
defects could also be interesting from quantum infor-
mation point of view. While the applications of chiral
superconductors are still emerging, our work points to a
conceptually simple method to obtain them in nanofab-
ricated structures.
Conclusions– In this work we proposed a method to
engineer topological states by potential impurities de-
posited on 2D chiral superconductors. In particular, we
presented a microscopic theory of chiral p-wave super-
conductors with impurity lattices. This allowed us to
calculate the topological phase diagram for general im-
purity strengths and hybridization. Our results have re-
markable conceptual and practical consequences: given
a 2D chiral superconductor, it is possible to fabricate
a large number of nontrivial descendant states by a
straightforward procedure. Because potential-induced
subgap states are generic in time-reversal breaking su-
perconductors and superfluids, our results have univer-
sal appeal irrespective of the platform and microscopic
details of the chiral state.
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SUPPLEMENTAL INFORMATION- DERIVATION OF THE EFFECTIVE HAMILTONIAN FOR
CHIRAL p-WAVE MODEL
Spinless p-wave case
The Bogoliubov-de Gennes Hamiltonian can be separated into a bulk and an impurity term, H = H(bulk)+H(imp),
where the bulk Hamitonian,
H(bulk)p = ξpτz + κ (pxτx − pyτy) ,
in the Nambu basis (Ψˆp, Ψˆ
†
−p)
T . Here ξp = p
2
2m−εF with the Fermi energy εF , and κ is the superconducting p-wave
pairing amplitude. The Pauli matrices τi operate in the particle-hole. The impurity Hamiltonian,
H(imp)(r) = Uτz
∑
n
δ(r− rn)
6describes an potential impurity of strength U located at position rj .
The BdG equation H(r)Ψ(r) = EΨ(r) yields[
E −H(bulk)(r)]Ψ(r) = Uτz∑
n
δ(r− rn)Ψ(r).
We change to momentum space using the Fourier transform Ψ(r) =
´
dp
(2pi)2 e
ip·rΨp and thus obtain[
E −H(bulk)p
]
Ψp = Uτz
∑
j
e−ip·rjΨ(rj).
Solving for Ψp and going back to real space, we thus find
Ψ(r) = U
∑
j
G0(E, r− rj) τz Ψ(rj), (A.1)
where G0(E, r) =
´
dp
(2pi)2 e
ip·r[E −H(bulk)p ]−1 is the bulk Green function.
Single potential impurity bound states
Let us first consider a single impurity at the origin. We can set r = 0 in Eq. (A.1) and obtain the following
eigenvalue equation for the impurity energies:[
1− UG0(E,0) τz
]
Ψ(0) = 0.
As we are considering only subgap energies, we can evaluate G0(E,0) assuming |E| < ∆t, yielding G0(E,0) =
− piν√
1+κ˜2
∆t√
∆2t−E2
[
E1 − γτz
]
. Here we have defined quantities γ = κ˜√
1+κ˜2 , κ˜ =
κ
vF
and ∆t = κkF√1+κ˜2 where vF is
the Fermi velocity and ν the density of states in the bulk. Inserting this result into the single-impurity eigenvalue
equation yields [
1 +
β√
∆2t − E2
(Eτz − γ∆t1)
]
Ψ(0) = 0, (A.2)
where β = piνU is the dimensionless impurity strength determining the bound state energy. Eq. (A.2) has
two solutions for both repulsive β > 0 and attractive β < 0 impurities. For β > 0 the solutions have energies
E = ε± = ±γβ
2−
√
1+β2(1−γ2)
1+β2 ∆t with eigenstates Ψ+(0) = (1, 0)
T and Ψ−(0) = (0, 1)T . For β < 0 the energies are
E = ε′± = ±γβ
2+
√
1−β2(1−γ2)
1+β2 ∆t.
Lattice of potential impurities
In case of multiple impurities at positions ri, Eq. (A.1) becomes[
1− UG0(E,0) τz
]
Ψ(ri) = U
∑
j 6=i
G0(E, ri − rj) τzΨ(rj). (A.3)
To proceed, we need to evaluate G0(E, r) for |r| > 0. Employing methods outlined in Ref. [46] we obtain
G0(E, r) =
(
EX0(r) +X1(r) iX
+
2 (r)
−iX−2 (r) EX0(r)−X1(r)
)
,
where
X0(r) = −
ˆ
dp
(2pi)2
eip·r
ξ2p + κ2p2 − E2
= − 2ν
∆t
√
1− (E/∆t)2
Im
{
K0[−i(1 + iκ˜)kF r]
}
,
X1(r) = −
ˆ
dp
(2pi)2
ξpe
ip·r
ξ2p + κ2p2 − E2
= −2νIm
{(
1 + i
κ˜√
1− (E/∆t)2
)
K0[−i(1 + iκ˜)kF r]
}
,
X±2 (r) = ±
ˆ
dp
(2pi)2
iκp±eip·r
ξ2p + κ2p2 − E2
= − 2ν√
1− (E/∆t)2
x± iy
r
Re
{(
1 + iκ˜
√
1− (E/∆t)2
)
K1[−i(1 + iκ˜)kF r]
}
.
7In the above expressions the functions Kµ(x) stand for modified Bessel functions of the second kind. These
expressions have been obtained by linearizing the bulk dispersion and are valid to the order O(κ˜2). For large
arguments the functions satisfy X0/1(r), X±2 (r) ∼ e
ikF r√
kF r
e−r/ξE which means that hybrization of adjacent impurity
states at midgap energies decay slowly for short distances and exponentially at distances longer than the coherence
length ξ−1E = ∆t
√
1− (E/∆2t )2/vF . The spatial structure of the bound state wavefunctions imply that energy scale
controlling the hybrization between two impurity states at distance a apart is ∆t/
√
kFa.
For each impurity site ri, the relation in Eq. (A.3) is satisfied. Therefore, for N impurities, these equations
form a closed set of equations for 2N subgap eigenvalues E and eigenvectors Ψ(ri) =
(
u(ri)
v(ri)
)
at the impurity
sites. Instead of seeking an exact solution for the full range of parameters, we consider the eigenvalue equation
for deep-lying eigenstates |E|  ∆t. As discussed below, this approach will reproduce the exact topological phase
diagram since the gap-closing transitions take place at E = 0. In addition, we obtain the spectrum of the system in
the deep-dilute impurity regime β  1, √kFa 1 where the spectrum is confined to the midgap region. Following
Refs [14, 16, 28], we can linearize the LHS of Eq. (A.3) with respect to E and evaluate the coupling term on the
RHS for E = 0: [
1 + β
( E
∆t
τz − γ1
)]
Ψ(ri) = U
∑
j 6=i
lim
E→0
G0(E, ri − rj) τz Ψ(rj). (A.4)
Multiplying both sides by τzβ−1∆t leads to(
∆t(β
−1 − γ) + E 0
0 −∆t(β−1 − γ) + E
)
Ψ(ri) =
∆t
piν
∑
j 6=i
lim
E→0
(
X1(rij) −iX+2 (rij)
iX−2 (rij) −X1(rij)
)
Ψ(rj).
This equation can be written compactly as
∑
j HijΨj = EΨi, where Ψi ≡ Ψ(ri) and Hmn =
(
hmn ∆mn
(∆mn)
† −h∗mn
)
,
hmn =

∆t(γ − β−1) m = n
∆t
piν
X1(rmn)|E=0 m 6= n
∆mn =

0 m = n
−i∆t
piν
X+2 (rmn)|E=0 m 6= n.
(A.5)
This is equivalent to Eq. (2) in the main text.
H as a topological Hamiltonian
The effective Hamiltonian (A.5) is obtained through the steps outlined in Pientka et al. in the pioneering work
[23]. For deep impurities β  1 that are weakly coupled √kFa 1 the bands are lying near the gap centre and the
spectrum can be calculated by this approach. However, in the present case the effective Hamiltonian (A.5) has more
general utility beyond the low-energy theory. The expression (A.5) can be regarded as a topological Hamitonian,
providing access to the exact phase diagram of the full model (A.3) beyond the deep-dilute impurity limit.
The role of the expression (A.5) as topological Hamiltonian can be understood by the following arguments. The
E = 0 eigenstates of the exact problem (A.3) and effective problem HΨ = EΨ coincide exactly. This simply follows
from the fact that the only approximation in the derivation of (A.5) from Eq. (A.3) involves setting a number of
energy arguments to zero, a difference that does not affect the E = 0 solutions in any way. Since the topological
phase transitions take place precisely when E = 0 solutions exist, indicating the closing of the energy gap, the
phase boundaries of the effective model and the full model necessarily coincide. In addition, in the vicinity of
the phase boundaries the energy gap is small and the low-lying solutions of Eq. (A.3) differ very little from the
effective model and can be adiabatically deformed to each other effective. Therefore the Chern numbers calculated
from the effective model (A.5) match the Chern numbers of the full model, even in the regime where deep-dilute
approximation is not applicable.
Obtaining reliable energy eigenvalues is a different matter- those can be calculated from the model (A.5) only
for small energies E/∆t  1 and with the accuracy that depends on the validity of the deep-dilute assumption.
The corrections to the spectrum obtained from the effective Hamiltonian will be of the order of O( β−1√
kF a
) which is
second order in the small parameters in the deep-dilute regime.
8Including spin
Here we discuss how our results of topological state engineering apply to the spinful chiral p-wave state with the
d-vector of the triplet parametrization perpendicular to the plane. This has been the main candidate to describe
superconductivity in strontium ruthenate. In addition to the Nambu matrices we introduce another set of Pauli
matrices σi and define σ0 = I2×2. In absence of potential impurities, the bulk is described by the 4×4 Hamiltonian
H(bulk)p = ξpτz ⊗ σ0 + κ (pxτx − pyτy)⊗ σz,
which is expressed in the basis (Ψˆp↑, Ψˆp↓, Ψˆ
†
−p↓,−Ψˆ†−p↑)T . This state describes pairing of opposite spins in the
orbital Lz = 1 channel. The potential impurity term H(imp)(r) = Uτz ⊗ σ0
∑
n δ(r − rn) also has a diagonal spin
structure. Thus by defining two spinors Ψ1 = (Ψˆp↑, Ψˆ
†
−p↓)
T , Ψ2 = (Ψˆp↓, Ψˆ
†
−p↑)
T , the full 4 × 4 BdG Hamiltonian
can be transformed to two decoupled 2 × 2 blocks identical to the spinless model studied above. The impurity
problem and topology can be studied separately for the blocks exactly as for spinless fermions.
Effect of a non-localized potential
Below we introduce a non-localized scalar potential to study the effect of other scattering channels than the s
one. We make use of the formalism introduced in Ref. [47].
We consider a non-localized single potential impurity described by Himp = U(r) · τz. For that we decompose in
momentum space U(p) =
∑
l
Ul(p)e
ilθ. The unperturbed Green’s function in momentum space reads:
G(E,p) = − 1
ξ2p + κ2p2 − E2
(
E + ξp iκp+
−iκp− E − ξp
)
,
Note that we omit the "0" index for the Green’s function to stay consistent with Ref. [47]. Rewriting the function
above using the harmonic decomposition G(E,p) =
∑
n
Gn(E, p)e
inθ, where p = |p| we get:
G0(E, p) = − 1
ξ2p + κ2p2 − E2
(
E + ξp 0
0 E − ξp
)
,
G−1(E, p) = − 1
ξ2p + κ2p2 − E2
(
0 0
−iκp 0
)
,
G1(E, p) = − 1
ξ2p + κ2p2 − E2
(
0 iκp
0 0
)
.
All the higher harmonics corresponding to |n| > 1 are absent in the bare Green’s function. For further calculations
we need to compute the averaged values of these functions over momenta, namely Gn(E) =
+∞´
0
pdp
2pi Gn(E, p):
G0(E) =
(
EX0 +X1 0
0 EX0 −X1
)
, G−1(E) =
(
0 0
−i(κpFX0 + κ˜X1) 0
)
, G1(E) =
(
0 i(κpFX0 + κ˜X1)
0 0
)
,
with
X0 = − piν√
1 + κ˜2
1√
∆2t − E2
, X1 =
piν√
1 + κ˜2
γ∆t√
∆2t − E2
, γ =
κ˜√
1 + κ˜2
, ∆t =
κpF√
1 + κ˜2
,
which have been calculated explicitly in Ref. [46]. For a bound state solution to exist, the following condition must
be satisfied (Eq. (S25) from Ref. [47]):
det
 G0(E)U−1τz − τ0 G−1(E)U0τz 0G1(E)U−1τz G0(E)U0τz − τ0 G−1(E)U1τz
0 G1(E)U0τz G0(E)U1τz − τ0
 = 0.
9Figure 5. (a):In the strip geometry the boundaries support chiral edge modes that propagate in the opposite directions. (b):
The phase diagram of the infinite square lattice with a lattice constant a and coherence length ξ/a = 5. The four points
mark the parameter values employed in the Fig. 6.
The equation above yields the energy levels. We next consider only the harmonics l = ±1 and l = 0 for the
scattering potential. This is enough for our purpose to demonstrate that they lead to Shiba states with energy near
the gap edges. Note that the symmetry of the problem requires U−1 = U1, and thus we get
β1(ε− γ)√
1− ε2 = −1,
(β0 − β1)ε− γ(β0 + β1)√
1− ε2 = −(1 + β0β1)
where we denote β0,1 ≡ piνU0,1√1+κ˜2 , ε ≡ E∆t . Note that each of these equations is giving a positive-energy solution,
which always has a particle-hole symmetric negative-energy partner as required by particle-hole symmetry. We
solve these equations considering β0 > β1. This is a valid approximation since we expect the scatterings in the
other channels than s to be weaker. Therefore, we obtain:
E±1 = ±
γβ21 −
√
1 + β21(1− γ2)
1 + β21
∆t, E
±
2 = ±
γ(β20 − β21)− (1 + β0β1)
√
1 + β20 + β
2
1 + β
2
0β
2
1 − γ2(β0 + β1)2
1 + β20 + β
2
1 + β
2
0β
2
1
∆t.
For β1 → 0 we expect these solutions to coincide with the ones we had before for a delta-like potential (in other
words, when we take into account only the s-scattering channel). Indeed,
lim
β1→0
[
∓γβ
2
1 −
√
1 + β21(1− γ2)
1 + β21
∆t
]
= ±∆t,
and therefore two subgap states merge with the quasiparticle continuum. The other two
lim
β1→0
[
∓γ(β
2
0 − β21)− (1 + β0β1)
√
1 + β20 + β
2
1 + β
2
0β
2
1 − γ2(β0 + β1)2
1 + β20 + β
2
1 + β
2
0β
2
1
∆t
]
= ∓γβ
2
0 −
√
1 + β20(1− γ2)
1 + β20
∆t
coincide with the ones we obtained previously for a fully localized impurity.
The calculations above show that the states appearing due to other scattering channels are situated very close
to the superconducting gap and, therefore, can be disregarded. Therefore in the s-dominated scattering channel,
we can prove that the low-energy Shiba states (which are the ones we keep as a low-energy basis) come from the
delta-like potential approximation.
Spectrum of an infinite strip
Here we illustrate topological properties of a system with finite width but infinite length. As depicted in Fig. 5,
the chiral edge states are localized near the sample edge. We assume a square lattice geometry with lattice constant
a and Fourier transform the Hamiltonian in x direction. In Fig. 6 we have plotted four sample spectra as a function
10
Figure 6. Spectrum of a strip as a function of momentum in the translation invariant direction in the positive half of the
Brillouin zone. The spectra are reflection symmetric kx → −kx in the negative half. The different figures correspond to
parameters indicated in the Fig. 5. The horizontal dashed line indicate the position of the bulk gap edge.
of momentum kx corresponding to different Chern numbers. The edge state manifest as states traversing the bulk
gap. Both edges support |C| chiral edge states. Since the edge states plotted in Fig. 6 have monotonic dispersions,
each horizontal line in the bulk gap crosses |C| states with positive slope and negative slope in the full Brillouin
zone. These states are localized at the opposite edges.
